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0. INTRODUCTION

e EXPERIMENTAL set of the Integer Quantum Hall Effect

Klaus von Klitzing (1980)

o QUANTIZED PLATEAUX IN Ry = o}

Ty

o VANISHING o,, IN QUANTUM HALL REGIME

e THEORETICAL ”mesoscopic” explanation

o IDEAL 2D ELECTRON GAS

electron interactions are negligible

o GAUGE INVARIANCE ( Laughlin 1984)

to explain Ry quantization

o DISORDER/IMPURITIES ( Prange 1981)

to explain plateaux



e the l-particle quantum mechanical problem to be solved

1 e 2 €
H:—{p——A(x)} — —s-B—-—ex-Eg + Vs
2m c mc
° s = %5’ is the electron spin operator

e B > 0 is the uniform magnetic field along the Oz3 axis

° gauge potential in the symmetric gauge
B :
Aj(xbe):_ejlxlE ) j)l:172 ) €12 = 1 )

e the Hall field Ey is uniform to a high degree of accuracy

o Vs is the potential describing DISORDER /IMPURITIES



e Consider the PURE 2D IDEAL electron gas Viais =0

(O ALL the electrons lie in the
HALL CONDUCTING LANDAU BANDS

(O EACH STATE carries the Hall conductivity

(O the TOTAL Hall conductance is

V= <i Landau band filling
'y
B
I'y = eh_ Landau degeneracy
c

(n)= average # of electronsxcm ™2



THE P-J MECHANISM

Prange (1981) Joynt-Prange (1982)

e Consider the IMPURE 2D IDEAL electron gas Vs # 0

(O there exist BOUND STATES which
DO NOT CARRY HALL CURRENT

0

(O the filling of Landau bands DECREASES

Voo e >0
1+ €

(O the electron Hall conductivity just INCREASES

62

O-xy: h(1+6)



e the net result of the P-J mechanism is therefore

(O THE HALL CONDUCTANCE IS AGAIN

(O CHANGE IN DENSITY < FERMI ENERGY

omEp ~ (h* (n))*”

BETWEEN NEXT-TO-LYING LANDAU BANDS

0

(O NO CHANGE IN THE HALL CONDUCTANCE %,,

0

(O HALL PLATEAUX



: QUESTION

i IS IT POSSIBLE TO CHECK
THE P-J MECHANISM

IN SOME EXACTLY SOLVABLE MODEL ?

Prange (1981) SUGGESTED IT IS POSSIBLE
IFF WE MODEL DISORDER IN TERMS OF

Vais WITH A POINT-LIKE SUPPORT



NOTATIONS

o holomorphic dimensionless coordinates

z:—$1+zx2:az+iy
AB
2+ z Z2—Zz
T1 = AB 5 , Tog = AB 5;

0, = (Ap/2) (01 — i02)

o A =+/hc/eB magnetic length

o o0=2(Fy/B)y/mc?/hw Hall parameter

o w=(eB/mc) cyclotron’s angular frequency



1. SOLVED MODELS

e The PURE Landau model Vg, =0 Landau (1930)

ENERGY creation-distruction operators

_ Z—0 <
5Q:u/§{8z+ 7 }:52

DEGENERACY creation-distruction operators

H‘QE—iﬂ{az—F%} :9_2)

— . Z—Q
GQE—zﬂ{ﬁz— 1 }:92



e OPERATOR ALGEBRA

e SPIN-UP (7) SCHRODINGER-PAULI HAMILTONIAN

HT(EH) = 2m>\2Bh(Q)

o RESCALED hAMILTONIAN in units of energy (h?/2m\%)

_ 0 3
h(o) = 20,0, + 7’%(99 —0,) — 192

o DEGENERACY SPLITTING OPERATOR



CONTINUOUS SPECTRUM & EIGENSTATES

1

En,p1 :2n_QpJ__ZQ2
A
n+1eN pL:pQHBeR

e IMPROPER NON-DEGENERATE eigenfunctions

1 ) XY 1
Unp, (2,95 0) = un TT5eTPL eXp{zym—z7} o

{ur | k+1 € N} HERMITE’s functions basis

e ORTHONORMALITY and COMPLETENESS

<¢n,p¢(g)’wm,<u (Q)> — 5n,m 5(pJ_ - QJ_)

p1,q1 € R n+l.m+1eN



e The Hall CURRENT OPERATOR is

EACH NON-DEGENERATE STATE |¢,, 5, )

CARRIES THE SAME HALL CURRENT

<¢n,p¢‘ Ju ‘wn,p¢> = Oxy En

0

e the I-ELECTRON STATE Hall conductivity is



Vais # 0 I-IMPURITY MODEL Eg=0

1I-IMPURITY described by

POINT-LIKE MAGNETIC VORTEX

Y. Aharonov, D. Bohm (1959)
A. Comtet, Y. Georgelin, S. Ouvry (1989)
J. Desbois, S. Ouvry, C. Texier (1997)

Aj(z1,22) = —€512y [g — %]

o QUANTUM FLUX UNITY ¢ = (hc/e)
o FLUX PARAMETER o = (¢/¢o)

o INTEGER « is NOT OBSERVABLE = -1 <a <0



SINGULAR creation-distruction operators v =(22/2)

5(a) = iﬂ{az + Z (1 - [%‘])} = 5 (a)

()}

| W

5(a) = z'\fz{az -

(1/[y])-SINGULARITY IS DEFINED
ACCORDING TO THE
THEORY OF DISTRIBUTIONS

1 1
= = ZAIn%(z2) + 05¥(z, 2
= JANE) + 06z )

C ARBITRARY CONSTANT



e DOMAIN of the SINGULAR operators

T(R?) ={f € S(R?)| £(0) = 0}

dense in L?(R?)

e SINGULAR OPERATORS ALGEBRA

e ANGULAR MOMENTUM & hAMILTONIAN

L= h{|la|l +0(a)f(a) — 6(a)d(c)}



DISCRETE SPECTRUM & EIGENSTATES

e INTEGER valued co-DEGENERATE LEVELS

o REGULAR EXTENDED LANDAU BANDS

~ n! L2 ko
\Iln<k(zvz) — (_1) \/27rF(k+a+ 1) (7’\/5)
x 7172 exp{—y /2L L) ()

k>n+1e€N {=k—n>0

Lgf ) Laguerre polynomials



e REAL valued (n+ 1)-DEGENERATE LEVELS

En =2(n — ) L<0

o REGULAR LOCALIZED EIGENSTATES

i k! 2\
Vnzi(z,2) = (_1)k\/27rf(n —a+1) <_Zﬁ>

x 12 exp{—y/2} L") ()

WITHOUT HALL FIELD Egz =0
THE WHOLE SET OF EIGENSTATES

IS ORGANIZED ACCORDING TO THE P-J PICTURE



: QUESTION

;. IS THIS REGULAR SOLUTION
THE ONLY ONE ALLOWED BY
GENERAL PRINCIPLES OF QM 7

THE ANSWER IS NO



2. SELF-ADJOINT EXTENSIONS Eg =0

e RADIAL HAMILTONIANS ARE ONLY SYMMETRIC

e THEOREM :

IN EACH SUBSPACE OF FIXED
INTEGER ANGULAR MOMENTUM /e Z
THE SYMMETRIC RADIAL HAMILTONIANS
ADMIT A 1-PARAMETER FAMILY OF

SELF-ADJOINT EXTENSIONS (SAE)

e DIFFERENT SAE HAVE DIFFERENT SPECTRA

e SAE DOMAINS CONTAIN L2-SINGULARITIES

CONTACT-INTERACTION



EXAMPLE: (=0 a#0

e SINGULAR COMPLETE O.N. SET € L%(R?)

n!
Pnn(2,2) = (1) \/27rr(n fa+l)

xy 12 exp{—y/2}LiY(y)  n+1eN

e RIESZ-FISHER EXPANSION ON THE REGULAR SET

O
Opn(2,2) =) 6700 (2, %)
j=0

i _(j—a\[(n+ta jln!
C —
n,0 n j F'G—a+1)I'in+a+1)

) j !
V59(22) = N o —a s 1)

xA 2 exp{—y/2} LS (y)  j+1€N




SPECTRAL DECOMPOSITIONS ¢ =0

e REGULAR SAE:

ho(a) = Z 2(n + |af) [Wnn) (Pn,nl

e SINGULAR SAE :

Ho(e) = ) 21 (@ p) (P ]
n=0

THEY CORRESPOND TO THE TWO
LINEARLY INDEPENDENT SOLUTIONS OF
THE 2°¢ ORDER DIFFERENTIAL OPERATOR

OF THE ¢=0 RADIAL HAMILTONIAN

INTERPOLATING = 1-PARAMETER FAMILY



REMARKS
e THE SAME CONSTRUCTION V/eZ
e RESULT : co-SET OF SAE

e SELECTED SAE ITEM :

Ale) =) 2(n+|al) x

{Z ‘\IjnZk:> <\Ijn2k| + Z ‘(I)n<l<:> <(I)n<k:|}
k=0

k=n-+1

o DISCRETE REAL-VALUED SPECTRUM
o co-DEGENERATE ENERGY LEVELS

o REGULAR (¢ < 0) & SINGULAR (¢ > 0) EIGENSTATES



A

A(a) SAE En =2(n+ |a|)

7 29 @ & 29
6 029 29 029 &
s} 029 X 02 ®
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3 29 29 & ©
2 & 29 ©) O]
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kl/é_, 2| 2 + 2|a 4+ 2|a| 6 + 2|



3. 1-IMPURITY EXACT SOLUTION

e the rescaled hAMILTONIAN

2m\2
. £ H(a,Ex) =h(a, 0) + T(a, 0)

h(a, 0) = 20,(a)d,(a)

e DEGENERACY SPLITTING operator

(e 0) = i [Aofe) — fofe)] -



CREATION-DESTRUCTION ALGEBRA



° COMMUTATION RELATIONS °

H(a, 0) = h(a, 0) + T(e, 0)
h(a, 0) = 20,()dy(c)

T(, 0) = % [0,(a) — 0,(c)] — S0

[H(&v Q)a h(aa Q)] =0

[H(CY, Q)? T(oz, Q)] =0

TO FIND a COMPLETE O.N. SET of
EIGENSTATES of H(, o)
SEARCH for COMMON EIGENSTATES of

200(@)dp(a)  and  T(a, 0)



SAE of 26,(a)d,(a) have DISCRETE SPECTRUM

T(a, p) has CONTINUOUS SPECTRUM =

ANY SAE of H(a,0) has CONTINUOUS SPECTRUM

0

ALL THE EIGENSTATES MUST BE IMPROPER

0

PROPER BOUND STATES ARE FORBIDDEN

THERE IS A UNIQUE

ESSENTIALLY SELF-ADJOINT HAMILTONIAN

H(e, 0) = A(a, 0) + T(ev, 0)



o THE SOLUTION °

X ) 1, )
H(a,0) |n,pi;é,0) = 2%—204—Qm—19 n,pi; &, )

n,pLid o) =Y e (B)In, ks, o)
k=0

~

n) = : - 1
A0 = (-)wp) p=pL-ze VYn+leN

. ks, 0) = \/ T g e Bufa)) 10,05, 0

Y2 exp{—1 (7 — o* = 0°)}
V21 (1 — ) 1Fi(1 — a, 1;02/2)

(22]0,0; &, 0) =

62

<n7pJ_7(347 Q|JH|n7p_L7657 Q> — _I’LTEH
L



4. CONCLUSION

MODEL OF DISORDER : POINT-LIKE VORTICES

I-IMPURITY HALL PROBLEM EXACTLY SOLVABLE

WITHOUT HALL FIELD Egpg =0 = oo # of SAE

WHEN Epg # 0 THERE IS A UNIQUE SAE

THE P-J PICTURE IS NOT REALIZED

THE HALL CONDUCTANCE IS THE VERY SAME

Yzy TOPOLOGICAL INVARIANT / C.F.T.



